In this paper we study decaying turbulence in fixed and rotating boxes in two dimensions using the particle method SPH. The boundaries are specified by boundary force particles, and the turbulence is initiated by a set of gaussian vortices. In the case of fixed boxes we recover the results of Clercx and his colleagues obtained using both a high accuracy spectral method and experiments. Our results for fixed boxes are also in close agreement with those of Monaghan 1 and Robinson and Monaghan 2 obtained using SPH. A feature of decaying turbulence in no-slip, square, fixed boundaries is that the angular momentum of the fluid varies with time because of the reaction on the fluid of the viscous stresses on the boundary. We find that when the box is allowed to rotate freely, so that the total angular momentum of box and fluid is constant, the change in the angular momentum of the fluid is a factor ∼ 500 smaller than is the case for the fixed box, and the final vorticity distribution is different. We also simulate the behaviour of the turbulence when the box is forced to rotate with small and large Rossby number, and the turbulence is initiated by gaussian vortices as before. If the rotation of the box is maintained after the turbulence is initiated we find that in the rotating frame the decay of kinetic energy, enstrophy and the vortex structure is insensitive to the angular velocity of the box. On the other hand, If the box is allowed to rotate freely after the turbulence is initiated, the evolved vortex structure is completely different.
is not constant, and may change abruptly from the initial state then decay ( [8] [9] [10] [11] ). The SPH simulations of 2 predict the same qualitative results though the details depend on the initial state. The SPH and spectral methods give results for the decay of the kinetic energy, and the enstrophy which are in satisfactory agreement. There are differences between the two SPH codes since that of Monaghan and Robinson models the boundary with layers of fixed fluid particles, and uses a cubic spline kernel, while that of Monaghan uses boundary force particles, and one of the Wendland kernels. Robinson (private communication) found that the results for the decay of the kinetic energy converged more rapidly when the cubic spline kernel was replaced by the Wendland kernel. However, as we shall show, most of the features of the turbulence in a fixed box, for example the kinetic energy decay, the enstrophy decay, and the structure of the evolved vorticity field, are very similar.
In the present paper the study of SPH simulation of turbulence will be extended using the SPH code of Monaghan (2011) but without the turbulence. We first confirm that the SPH simulation for the case of decaying turbulence in a no-slip square box converges and the spin-up is consistent with that found using the spectral theory. Second we study decaying turbulence when the box containing the fluid is allowed rotate under the surface stresses produced by the fluid. In this case the total angular momentum of the system of box and fluid is conserved. Third we simulate turbulence when the fluid and box are in rigid rotation when the turbulence is initiated. The evolution of the turbulence was then studied both when the box was forced to rotate at its initial angular velocity, and when it was allowed to be driven by the fluid stress. This problem is related to turbulence in the earth's atmosphere, but a more complete discussion along the lines of the β-plane study of 12 , will not be attempted.
II. THE EQUATIONS OF MOTION IN TWO DIMENSIONS
We consider an incompressible fluid is moving in two dimensions within a square boundary with no-slip boundary conditions. It is convenient, especially when we give the boundary a mass and allow it to rotate, to refer to the boundary as a box. The acceleration equation
for the fluid is
From this equation it is straightforward to show that the rate of change of the kinetic energy E K of the fluid is given by
where ωẑ is the vorticity, andẑ is a unit vector perpendicular to the plane of the fluid. The integration over a volume is equivalent in the present case to an integration over the two dimensions of the fluid, and is denoted by A. Because of the boundary condition, we have used the fact that v is zero on the boundary. The rate of change of the vorticity is given by
The total enstrophy varies with time according to
where ν is the kinematic viscosity, n is an outward unit vector, and the second integration is around the boundary. These equations, together with one further equation giving the time variation of the gradients of the vorticity, were used by 13 to develop his celebrated argument for the existence of a turbulent energy spectrum associated with a vorticity cascade to shorter length scales.
The rate of change of total angular momentum L of the two dimensional fluid is given by
The second integration can be written in terms of a surface stress, but it is convenient to work with the form given noting that for an incompressible fluid
and for a two dimensional fluid
Making use of these various relations we find
The last term can be written as the circulation around the boundary and this vanishes because of the no-slip condition.
In this paper we also consider turbulence in a two dimensional fluid contained within a no-slip, square boundary rigidly rotating with angular velocity Ωẑ. In this case it is useful to consider the equations of motion in a frame rotating with angular velocity Ω. For this purpose, we let v denote the velocity in this rotating frame, and ωẑ its vorticity. The acceleration equation is then
where d/dt denotes the derivative following the motion in the rotating frame. By taking the curl of this equation we get the same equations for the rate of change of vorticity as for the non rotating box. The equations for the rate of change of the total energy and total enstrophy, calculated in the rotating frame, are also the same as for the non rotating box.
We believe it is therefore reasonable to expect that Batchelor's argument would apply when the boundary rotates rigidly throughout the simulation. We find that this conjecture is correct.
We also study the case where the boundary is given a mass and a moment of inertia (we then call it a box) and allowed to rotate freely under the stresses from the fluid from the moment the turbulence is initiated. In this case the total angular momentum of the fluid and the box is constant. In addition, the stress felt by the fluid is less because the box moves in response to the stress on it from the fluid. The effect is similar to a person attempting to walk on a platform that is free to move. One consequence of this is that the change in the angular momentum of the fluid is a factor 1/500 less than when the box is fixed. Our simulations also show that the form of the vortices that evolve is very different from that in the case of a fixed box, or a box which rotates rigidly throughout the simulation. There is no simple expression for the rate of change of the fluid energy and vorticity in this case because the dynamics of the fluid must include the effects of the motion of the box.
III. SPH MODEL
We consider a weakly compressible fluid with pressure P a function of density ρ. Surface tension is neglected. The reader is assumed to be familiar with standard SPH as described in the reviews by 14, 15 . In the following, the labels a and j are used for SPH fluid and boundary particles respectively, and η is used when a summation is over both fluid and boundary particles. The SPH form of continuity equation is
where the mass, position, velocity, density and pressure of particle a are m a , r a , v a , ρ a , and P a , respectively. The summation is over all particles. The function W aη = W (|r aη |, h) is the SPH kernel, |r aη | is the distance between particle a and particle η, and h = (h a + h η )/2 is the average smoothing length. In the calculations to be described the kernel is the fourthorder Wendland function 16 for two dimensions. This function, when normalized so that 2π W (r, h)rdr = 1, is given by
if z ≤ 2h, and zero otherwise. Simulations of a wide variety of problems show that the choice h η = 1.5δ, where δ is the initial particle spacing, gives good results. The interaction between any two fluid particles is zero beyond 3δ. The gradient taken with respect to the coordinates of particle a is denoted by ∇ a . The pressure of fluid particle a is given by
where ρ 0 is the reference density of the fluid. The speed of sound c s is 10 times the maximum speed of fluid V max which we estimate from the initial velocity field. The boundary particles have zero pressure.
The acceleration equation for the SPH particle a is
The first summation in (13) is over all particles and the second is over the boundary particles.
The viscosity is determined by Π aη for which we use the form
where α is a constant, v aη = v a − v η , r aη = r a − r η ,ρ aη = (ρ a + ρ η )/2 denotes the average density, andc = (c a + c η )/2. The constant α can be written in terms of the kinematic viscosity by converting the summations to integrals. We find for the Wendland kernel 17 that
The last term in Eq. (13) is the boundary force on fluid particle a due to the boundary particles. This force, together with the viscous forces due to the boundary particles included in the first term, is equivalent to the Sirovich 18 formulation of the boundary conditions in terms of boundary forces, and closely related to the Immersed Boundary Method of Peskin 19 .
f aj is given by
where Φ aj = 1 32
(1 + 5 2 q + 2q 2 )(2 − q) 5 for q ≤ 2 and is otherwise 0. Γ is a constant equal to
is the boundary particle spacing , and q = |r aj |/h aj .
The position of any fluid particle a is found by integrating
For convenience in describing the time stepping algorithm we write the equations in the
and
These equations were integrated using a time stepping scheme that is second order and based on Verlet symplectic method. In the following A 0 denotes a quantity A at the beginning of the current time step, A 1/2 at the midpoint of the step, and A 1 at the end of the step. The time stepping equations, where δt is the time step, can then be written
where κ is a damping factor used to bring the particles to equilibrium before initializing the turbulence. This is required because the boundary forces are initially unbalanced. The simple and efficient method which we use here is that κ is 1.0 for all steps except that every 4th time step it is set to 0.9854. This value of κ is optimal to reduce the kinetic energy to the less than 0.01 percent of the total kinetic energy of vortices after 1000 damping steps. For each simulation a minimum time is necessary for damping, so that the number of damping steps will increase as resolution increases (δ made smaller).
The time step is completed by calculating v 
To improve the speed we replace F SI units are used throughout this paper.
IV. THE INITIAL TURBULENT VELOCITY FIELD
For the numerical study of 2D decaying turbulence in a container the initial velocity field has been set using either Chebyshev polynomials The SPH particles were placed on a grid of squares in the domain 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. Each SPH fluid particle's velocity was calculated by summation over the vortices
where, r k is the center of the kth vortex, ω k is the vortex strength and its absolute amount is equal to 1.0 for all vortices, and a k is the amplitude of vortex k equal to S/4N . Finally, to ensure that the no-slip condition is closely satisfied in the initial state, a smoothing function similar to that used by other authors 8 was applied . The final initial velocity field for fluid
V. FIXED BOX: ENERGY, VORTICITY AND SPIN UP
A. General results
In order to confirm that our SPH code behaves correctly it is convenient to compare our results against the experimental and computational results of 8, 9, 2110, 25 . They showed that the energy and enstrophy decayed approximately as a power of t until the flow is dominated by viscosity, and the angular momentum of the fluid may first increase in magnitude then slowly decay. This change in angular momentum is due to the reactive stress exerted on the fluid through its interaction with the walls. To show that these phenomena are also produced by our code we simulated turbulence in a fixed square of side 1m. The turbulence was initiated using 10 × 10 Gaussian vortices and 275 × 275 SPH particles and = 2000 as described in the previous section. The SPH particles were damped for 6000 time steps after which the turbulence was initiated.
The vorticity ω a for particle a, was determined by assuming that velocity of the particles relative to particle a was a linear function of the relative coordinates x and y. The coefficients of this function were determined by least squares after which the derivatives of the velocity components were calculated. In the figures the vorticity field has been scaled between 0 and 1. The total enstrophy of the flow was then calculated according to In Fig. 3a shows the variation of E k with t for different values of n y the number of particle spacings along a side of the boundary. The initial particle spacing is therefore 1/n y . The graphs for E k indicate that the results are converging. In Fig. 3b we show E k at times 5, 10, 15, 20 and 25s as a function of resolution. These results indicate linear convergence.
However, in order to determine the convergence of any quantity A we follow 26 , and assume
where A(0) is the value at infinite resolution, δ is the initial particle spacing, and β and p are parameters to be calculated. The parameters A(0), β and p can be found by evaluating A at three values of δ. The trend of the kinetic energy with resolution, which is nearly linear, is shown in Fig. 3 . Fig. 3 -b, shows that for all times the change of kinetic energy with particle size, δ, is close to linear for high resolutions. From the expression (28) with E k for n y = 100, 200
and 250, we can calculate E k (0), β, and p at other times , The resulting values are given in Table 1 . Using the calculated values of E k (0), β, and p, it is possible to estimate E k at other times and other resolutions. Thus in Table I , the two columns under 275x275 show results calculated using SPH (the left column), and results using the convergence formula,
denoted by E est , are shown in the right column. The agreement between the two columns is very good. In general the difference between the SPH values, and those estimated from the convergence formula, decreases with increased resolution.
Data presented in this table show that the kinetic energy converges less rapidly as the an initial velocity field of Gaussian vortices or Chebyshev polynomials as did 2 for Chebyshev polynomials.
Although the change in angular momentum is considerable when jran is changed the corresponding difference in the decay of kinetic energy with time is small, and all runs have a similar power law decay.
Our SPH simulation recovers the principal phenomena found by other authors for turbulence in a two dimensional box with no-slip boundaries. This includes the growth of vortices, the decay of the kinetic energy and enstrophy, and the initial rapid increase in magnitude of the angular momentum followed by a slow decay. We conclude from this that our SPH code
gives satisfactory results for two dimensional turbulence in a no-slip box and, in particular, the effectiveness of our boundary force model is confirmed.
VI. FREELY ROTATING BOXES
We now consider the fluid angular momentum when the turbulence is initiated and the box is allowed to rotate under the torque produced by the fluid. In this case the angular momentum of the box and fluid is constant. In order to amplify the rotation of the box we
give it a mass m box = 0.001 × (mass of fluid) and moment of inertia I box = 2 3 m box S 2 . The force f j on boundary particle j due to fluid particles is given by
and the torque on the box about its centre is
where r jo is the coordinate vector of boundary particle b, relative to the centre of the box.
The angular velocity of box Ω is calculated from
The initial set up is same as the previous section. The decay of total kinetic energy of the fluid in the rotating box and the fixed box are very close, although, in the last stages of rotation, when the kinetic energy is ∼ 10 −3 , the kinetic energy of the fluid in the rotating box is larger than the kinetic energy for the fixed box.
In Fig. 8 the results of different runs are sorted according to the initial angular momentum. 
VII. THE EFFECT OF BACKGROUND ROTATION
In the previous cases the initial angular velocity Ω 0 of box and fluid before inserting the Gaussian vortices was zero. Another interesting case that is relevant to turbulence in the earth's atmosphere or ocean, is the behaviour of turbulence when the fluid has a background rotation. Forced quasi-two-dimensional turbulence in rotating containers has been studied both by experiment and by numerical simulations 27, 28 . By adding an oscillation to the rotation of the container it is possible to determine how shear near the boundary generates vorticity. The vorticity generated in this way subsequently moves into the central regions of the container though in the SPH simulations of 2 , the vorticity generated in this way dissipated more rapidly than in the calculations of 28 .
In this section we study the turbulence when the fluid and box are set rigidly rotating it. In the following we denote the kinetic energy and the enstrophy in the inertial frame by E k and ξ respectively, and in the rotating frame byÊ k and ξ rot . 
where E in is the initial kinetic energy before adding vortices, andÊ in is the total initial kinetic energy of vortices. The kinetic energy of the fluid in the inertial frame is
where,Ê k andL are the kinetic energy and angular momentum of the fluid in the rotating frame, respectively, and I is the moment of inertia of the fluid around the box centre.Ê k andL are zero before adding vortices.
The calculated kinetic energy in the rotating frame is the same for all Ω's, for a given set of vortices. The values of ∆E k , using E k as the minimum kinetic energy which occurs nearly at time 100s, is shown in column 7 of table II. The results in table II show that the rate of decay of the kinetic energy of the fluid increases significantly by increasing the box angular velocity. Therefore, while the rate of change of kinetic energy in the rotating frame is always negative, the rate of change of kinetic energy in the inertial frame can be negative or positive, due to the last term in equation 32. This can be seen easily from the left frame of Fig. 9 .
The right frame of Fig. 9 shows the total angular momentum of the box and the fluid for the case where the box rotates rigidly. The angular momentum of fluid in the inertial frame decreases to a minimum (column 3 of Tab. II), then it decays gradually until at infinity it reaches the initial angular momentum of fluid before adding Gaussian vortices (column 4 of Tab. II). Recall that in this section the box rotates rigidly throughout the simulation. The change in the angular momentum of the fluid is almost independent of Ω 0 , e.g the maximum change in the angular momentum of fluid is shown in column 5 of Tab. II, which shows the subtraction of column 3 from column 4. In the left frame of Fig. 10 we show the decay of kinetic energy in the rotating frame for different values of the angular velocity of the box.
As conjectured after (9) it is expected that the decay of the kinetic energy calculated in the rotating frame should be independent of the rotation because the equations for the decay are identical to those in a fixed box.The right hand frame of Fig. 10 shows that the decay of E K varies significantly with the angular velocity of the box.
The enstrophy calculated in the rotating frame, ξ rot , is independent of Ω 0 and is same as the fixed box, this is shown in the right frame of Fig. 11 . Using the no-slip boundary conditions it can be shown that the enstrophy ξ calculated in the inertial frame is 8Ω energy increases as the angular velocity increases for both the freely rotating box and the rigidly rotating box.
The right frame of Fig. 9 shows the total angular momentum of box and the total angular momentum of fluid, when the box is free to rotate after the gaussian vortices are initiated.
The angular momentum of the box is not constant and increases to a maximum, then it decays gradually until it reaches the angular momentum of the box before initiating the From the right frame of Fig. 11 , and focussing on the graphs labelled 'free', it can be seen that the decay of enstrophy is independent of Ω 0 as in the case of the rigidly rotating box. The enstrophy of the fluid when the box is freely rotated is always slightly larger than when it is rotating rigidly. The right frame of Fig. 11 shows the decay of the enstrophy after subtracting the initial background rotation from the total flow. Although the rotation of the box can change when it is freely rotating it is convenient to consider the enstrophy in the frame rotating with the initial angular velocity. The enstrophy shown in the right frame of Fig. 11 is calculated in this frame both for the forced and free rotations. Our comparison shows that the enstrophy decay in this frame is nearly same for all Ω 0 's, and is very close (0.17 %) to that of the rigidly rotated box .
The angular velocity of the box due to the vortices is shown in the left frame of Fig. 12 .
This figure shows that the effect of vortices is nearly the same for all background rotations and, as a consequence, the total rotation of the box is similar for all values of Ω as shown in Fig. 12 for different Ω 0 's. b) The net rotation angle due to the vortices versus time, which is calculated after subtracting the forced rotation angle, Ω 0 .t, from the free rotation angle.
C. Summary of the results with Background rotation
In the case of the box with maintained rigid rotation, if the flow is considered in a rotating frame, the effect of background rotation on the flow characteristics like vorticity structure (see Fig. 13 ), enstrophy, kinetic energy of vortices, and angular momentum of the fluid is negligible. These results are consistent with the fact that the equations for the decay of enstrophy and kinetic energy in the rotating frame are identical to those for a fixed box.
The decay rate of the kinetic energy in the inertial frame increases with Ω 0 .
When the box is allowed to rotate freely, the effect of the background rotation is negligible, though the vortex structure is completely different from that for the box with maintained rigid rotation (see Fig. 13 ).
VIII. CONCLUSION
We have described the results of numerical simulations of decaying two-dimensional turbulence inside a rotating square container with rigid no-slip boundaries, using SPH. Three cases were studied here and, in all cases, the turbulence was initiated by superimposing the velocity field of a set of gaussian vortices. The first two cases involve a fixed box, and The decay of the total kinetic energy of the flow was more rapid in all cases. These results are in good agreement with other experimental and numerical studies 2,9,25 .
When the box was allowed to rotate under the stresses from the fluid the angular momentum of the fluid remained approximately constant and the total angular momentum of box and fluid remained constant as it should. Simulations with slightly different initial conditions change the dynamics of the box. In particular, the box angular momentum changes and therefore the amount and direction of its rotation. All 12 initially different setups concluded in a strong monopolar vortex. The rate of decay of the kinetic energy is nearly the same as that for the box with maintained rigid rotation.
From the study of the effect of a background rotation on the decaying turbulence, it was seen that for the box with maintained rigid rotation, the effect of box angular velocity on the angular momentum, vorticity structure, velocity field, kinetic energy, and enstrophy is negligible, when these quantities are calculated in a frame rotating with Ω 0 . This is consistent with the fact, already noted, that the equations for the decay of kinetic energy and enstrophy in the rotating frame are the same as in the inertial frame. For the box freely-rotating after the turbulence was initiated, kinetic energy, angular momentum,vorticity structure, velocity field, enstrophy, and rotation, calculated in the rotating frame were independent of Ω 0 .
Although some parameters like kinetic energy or enstrophy calculated in the rotating frame are similar for both the freely rotated box and the box with maintained rigid rotation, the vorticity structure, velocity field and angular momentum are completely different for these two situations.
The resolution required for these SPH simulations depends on the accuracy required and the time for which that accuracy should be maintained. The results of this paper and those of 2 , and 1 , show that for the square box of half width S the number of particles should be ∼ 200 with particle spacing dp = 2S/200, in order to determine the energy decay to within 10% for t < 15. The resolution length can by estimated from h = 1.5dp and this is ∼ 0.5S/ √ which agrees with the estimate of 9 . We also note that our treatment of the boundaries using boundary forces gives results in good agreement with those of 2 for the energy decay obtained using a boundary modelled by layers of fixed fluid particles. However, the convergence of our results for the energy decay, obtained using the Wendland kernel, appear to be faster than those of 2 (see for example their figure 9) using the cubic spline kernel. This agrees with the experience of Robinson (private communication) who repeated some of his calculations using the Wendland kernel instead of the cubic spline kernel.
In addition to the class of problems considered here SPH can be applied to other turbulent flows where it has many advantages. One of these is the turbulent flow produced by physical stirrers, for example cylindrical rods moving on specified paths. Such a problem can be simulated easily with SPH and, in unpublished work, we have studied the turbulence produced by such stirrers moving on a variety of trajectories. SPH has also proven useful for studying breaking waves especially those formed by a flow hitting and running up a wall and finally forming a backward breaking wave. A region of strong turbulence is created by the impact of the breaking wave on the incoming fluid. This problem, which is a key feature in sloshing in marine tanks, could be tackled using an SPH code of the kind we have described.
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